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Cohesive zone modelA simple, mode-mixity dependent toughness cohesive zone model (MDGc CZM) is described. This
phenomenological cohesive zone model has two elements. Mode I energy dissipation is deﬁned by a
traction–separation relationship that depends only on normal separation. Mode II (III) dissipation is
generated by shear yielding and slip in the cohesive surface elements that lie in front of the region where
mode I separation (softening) occurs. The nature of predictions made by analyses that use the MDGc CZM
is illustrated by considering the classic problem of an elastic layer loaded by rigid grips. This geometry,
which models a thin adhesive bond with a long interfacial edge crack, is similar to that which has been
used to measure the dependence of interfacial toughness on crack-tip mode-mixity. The calculated
effective toughness vs. applied mode-mixity relationships all display a strong dependence on applied
mode-mixity with the effective toughness increasing rapidly with the magnitude of the mode-mixity.
The calculated relationships also show a pronounced asymmetry with respect to the applied mode-
mixity. This dependence is similar to that observed experimentally, and calculated results for a glass/
epoxy interface are in good agreement with published data that was generated using a test specimen
of the same type as analyzed here.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
It is now ﬁrmly established that the measured apparent interfa-
cial toughness of many polymer solid interfaces increases with
increasing crack-tip mode-mixity (Cao and Evans, 1989; Wang
and Suo, 1990; Liechti and Chai, 1992; Swadener and Liechti,
1998; Mello and Liechti, 2006). On the other hand, the earliest
cohesive zone models were formulated in terms of a traction
potential (Tvergaard and Hutchinson, 1993; Xu and Needleman,
1994). These useful and still widely used formulations generate a
mode-mixity independent work of separation. The extension of
such models to include a mode-mixity dependent toughness has
proved difﬁcult (Hui et al., 2011; Park and Paulino, 2011). A poly-
nomial-based potential formulation that is deﬁned in terms of four
fracture parameters in each fracture mode does replicate a mode-
dependent toughness; however, determining all eight fracture
parameters is a challenging task (Park and Paulino, 2011). In an
alternate approach, a nonpotential-based method that deﬁnes
mode I and mode II response independently and links thesetraction–separation relationships via a mixed-mode failure condi-
tion has been used to successfully model the mode-mixity depen-
dent failure of adhesive joints (Yang and Thouless, 2001).
The present effort is aimed at developing a simple, mode-
dependent interfacial toughness cohesive zone model. This work
was motivated by the recent development of a continuummechan-
ics-based Adhesion/Atomistic Friction (Ad/AF) surface interaction
model (Reedy, 2013; Reedy and Cox, 2013). That model was
intended for solid materials interacting through van der Waals dis-
persion forces. It models adhesive interactions between surfaces as
well as the atomistic friction that opposes the tangential motion of
atomistically smooth surfaces as they slide relative to each other
(e.g., as measured by scanning probe-based friction force micros-
copy). This surface interaction model was implemented within
the framework of a contact algorithm for use in explicit dynamics
ﬁnite element calculations. This type of implementation allowed
large relative motion of opposing surfaces and also permitted sur-
faces to jump in and out of adhesive contact. In the broadest sense,
this model combines a traction–separation relationship for normal
separation with a model for shear dissipation as generated by tan-
gential slip. Interestingly, fracture simulations using the Ad/AF
model showed that the calculated effective toughness displayed
a signiﬁcant dependence on the applied mode-mixity. This
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CZM, but now within a cohesive surface element framework for
implicit quasistatic ﬁnite element calculations.
In its current incarnation, the model parameters of what will be
referred to as the mode-mixity dependent toughness cohesive
zone model (MDGc CZM) are interpreted somewhat differently
from those used to deﬁne the Ad/AF model (where model
parameters referenced adhesion and atomistic friction). Roughly
speaking, the MDGc CZM incorporates all sources of crack-tip dis-
sipation where: (1) mode I dissipation is deﬁned by a traction–
separation relationship that depends only on normal separation,
and (2) mode II (III) dissipation is generated by interfacial shear
yielding and slip in the cohesive surface elements that lie in front
of the region where mode I softening occurs. The amount of shear
dissipation is not deﬁned by a traction–separation relationship; the
length of the slip zone is determined by the level of interfacial
shear in front of the mode I cohesive zone. The MDGc CZM should
be considered to be a simple, phenomenological model that pro-
duces a mode-dependent toughness similar to that observed in
interfacial fracture tests. Its interpretation in terms of a mode I sep-
aration process (e.g., at the tip of a blunted crack) coupled with
additional dissipation due to shear yielding is meant to be sugges-
tive and there is no expectation that this model provides a detailed
description of the local crack-tip yielding. The intent is for the
MDGc CZM to be used in analyses where the bulk materials are
modeled as linear elastic with all material dissipation incorporated
into the MDGc CZM. Note that the current effort differs from other
work that aims to perform a more detailed analysis that includes
the large-strain plastic deformation in the bulk materials and
resolves the local, nanometer-scale deformations (Swadener and
Liechti, 1998).2. Mode-mixity dependent toughness cohesive zone model
(MDGc CZM)
The MDGc CZM has two elements. The plane strain version of
this model is discussed ﬁrst. Normal separation is deﬁned by a
mode I only version of what is now commonly referred to as a
cohesive zone model (Barenblatt, 1962; Needleman, 1987;
Tvergaard and Hutchinson, 1992). The associated traction–separa-
tion (T–U) relationship deﬁnes how normal traction r depends on
normal interfacial separation dn (Fig. 1a). This relationship holds
when dnP 0, otherwise normal interpenetration is penalized by
applying a prescribed multiple of the initial loading stiffness
k = r⁄/(k1dnc). The two key parameters deﬁning this T–U relation-
ship are the interfacial strength r⁄ and the intrinsic mode I work
of separation/unit area of interface C. This study uses a trapezoidal
T–U relationship where k1, k2 and the requirement that the traction
vanishes when dn equals dnc deﬁne its shape. The trapezoidal T–U
relationship was chosen for its simplicity and other forms could
be used if there were a compelling reason to do so. The initial load-
ing is deﬁned by k1, while ﬁnal stress decay is deﬁned by k2, (with
typical values of 0.1 and 0.9, respectively). For a trapezoidal T–U
relationship, C, which equals the area under the T–U curve, has a
value of C = ½r⁄dnc[1 + k2  k1]. If unloading occurs prior to ﬁnal
separation, elastic unloading is assumed with an unloading stiff-
ness equal to the initial T–U loading stiffness k.
The second element of the MDGc CZM deﬁnes perfectly plastic
shear yielding (Fig. 1b). The yield strength is s⁄ and plastic slip is
associated with the tangential displacement jump dt. The initial
loading stiffness k was chosen to be the same as used for normal
separation. Here it is assumed that shear yielding only occurs prior
to mode I softening (i.e., when dn < k1dnc). Accordingly, shear stress
is set to zero once dn > k1dnc: The intent of this model is to model
interfacial crack growth where failure is associated with normalseparation in the presence of interfacial shear. When there is inter-
facial compression, the interface can slip, but there is no limit to
the extent of slip (i.e., shear cracking under interfacial compression
is not modeled).
In this study, the initial stiffness k of the T–U model was chosen
so that it was roughly equal to (or slightly greater than) the stiff-
ness of adjoining elements, Eu/D, where Eu is the uniaxial strain
modulus of the more compliant of the two adjoining bulk materials
and D is the characteristic length of interfacial elements. This
stiffness is not meant to model interface compliance. Rather, this
stiffness can be thought of as a penalty that ties the adjoining
interfacial materials together so as to prevent normal separation
(i.e., the interface is intact when dn 6 k1dnc and begins to separate
when dn > k1dnc). With this interpretation, shear yielding occurs
only in the region where the interface is intact and has not begun
to separate (i.e., when dn < k1dnc). As the cohesive zone develops
and its length increases, interfacial shear is released whenever a
previously intact portion of the interface begins to separate. It
was anticipated that an abrupt reduction in interfacial shear might
prove troublesome for the solver in these implicit quasistatic ﬁnite
element calculations. Therefore, a capability for controlling the
rapidity with which the shear is released was implemented by
introducing a shear unloading stiffness ku (controlled by k3, see
Fig. 1b). Although this capability is potentially useful, it was not
essential for the analyses reported herein. Finally, recall that the
initial loading stiffness in shear was chosen to be the same as used
for normal separation (Fig. 1b). As with normal separation, this
initial stiffness can be thought of as a penalty that ties the
adjoining interfacial materials together. Here it prevents relative
tangential motion prior to plastic-slip.
The plane strain version of the MDGc CZM can generalize to 3-D
by including anti-plane mode III slip du in addition to the in-plane
mode II slip dt by deﬁning an effective shear stress se and an effec-
tive slip rate _de where
se ¼ s2t þ s2u
 1=2
and _de ¼ _d2t þ _d2u
 1=2
: ð1Þ
When jsej < s _st ¼ k _dt and _su ¼ k _du: ð2Þ
When jsej ¼ s st ¼
_dt
_de
s and su ¼
_du
_de
s: ð3Þ
Sandia National Laboratories’ Sierra/SM implicit quasistatics
ﬁnite element code was used to perform the analysis (Thomas,
2011). This code implements cohesive surface elements (CSEs)
within the context of large displacements where the CSE reference
plane is deﬁned by the average position of its upper and lower
nodes. In the calculations reported herein, the maximum slip ds
(see Fig. 1b) is generally < D. This generates a maximum dissipa-
tion due to plastic slip of s⁄D. For the model parameters used
in this study, this enabled a substantial increase in effective
toughness (a factor of 20).3. Application of MDGc CZ model to an interfacial crack growth
problem
The nature of predictions made by analyses that use the MDGc
CZM is illustrated by considering the classic plane strain problem
of crack growth along the interface of a thin elastic layer that is
loaded by rigid grips (Fig. 2). This geometry, which models a thin
adhesive bond with a long interfacial edge crack, is similar to that
which has been used to measure the dependence of interfacial
toughness on crack-tip mode-mixity (Swadener and Liechti,
1998). The model geometry was chosen so as to closely approxi-
mate an inﬁnitely long layer with a semi-inﬁnite interfacial crack.
(a)
(b)
Fig. 1. Plane strain cohesive zone model (a) traction–separation relationship for mode I separation, and (b) model for interfacial shear yielding when dn < k1dnc (i.e., prior to
mode I softening).
Fig. 2. A long, edge-cracked elastic layer sandwiched between rigid adherends with edge-normal and edge-tangential displacements applied to the upper rigid material while
the lower rigid material is ﬁxed.
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equals 6h, where h is the height of the layer. The layer is loaded by
applying edge-normal and edge-tangential displacements to the
upper rigid material while the bottom rigid material is ﬁxed. The
ratio of the normal-to-tangential edge displacements is held con-
stant as the specimen is loaded. Test calculations showed that
the layer is sufﬁciently long so as to generate a large uniformly
stressed region in the central portion of the ligament with stress
levels equal to those in an inﬁnitely long layer. The ﬁnite element
model geometry has a highly reﬁned mesh in the region that sur-
rounds the initial crack tip and cohesive surface elements were
inserted along the interface in this reﬁned region. In this region,
the normalized characteristic element size D/h was typically in
the range of 0.00125–0.0025 (the smaller cohesive zone elements
were used when the choice of problem parameters generated a
relatively small cohesive zone). The cohesive surface elements in
this reﬁned region have a characteristic length/critical normal
separation D/dnc  10–20. This is consistent with the idea that a
phenomenological cohesive zone model (e.g., MDGc CZM) incorpo-
rates behavior that obviates the need to use a highly reﬁned crack-
tip mesh to resolve details within the process zone (Tvergaard and
Hutchinson, 1993).
The interface’s effective toughness Ce is deﬁned as the value of
the energy release rate when the interfacial crack begins to propa-
gate. This is calculated using the well-known (and easily derivedvia a J-integral evaluation) analytical energy release rate calibra-
tion for an edge-cracked elastic layer held between rigid grips,
Ce ¼ h2Eu
rcyy
 2
þ h
2G
rcxy
 2
; ð4Þ
where rcyy and r
c
xy are the calculated critical values of the normal
and shear stress in the uniformly stressed ligament when the crack
begins to propagate, E is Young’s modulus, m is Poisson’s ratio,
Eu = (1  v)E/((1 + v)(1  2m)) is the uniaxial strain modulus, and G
is the shear modulus. In order to provide a formal connection to
the crack-tip mode-mixity as deﬁned in linear elastic fracture
mechanics solutions for an interface crack, an applied mode-mixity
wa is deﬁned as
wa  tan1 2rcxy=rcyy
 
: ð5Þ
The crack-tip mode-mixity for a long interfacial crack in an
elastic, semi-inﬁnite bimaterial layer held between rigid grips
and with one material rigid (i.e., the same problem as analyzed
here, but without cohesive zone elements) can be expressed as
(Hutchinson and Suo, 1992)
wr¼lo ¼ cþxþ e ln ðlo=hÞ; ð6Þ
wherew is evaluated at a reference length lo. When the upper mate-
rial is rigid and the lower elastic material has a Poisson’s ratio of
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and c = wa (as deﬁned by Eq. (5)) for plane strain. The reference
length is arbitrary, but is often chosen as some ﬁxed material length
scale. If lo/h = 0.0025 (i.e., lo is equal to characteristic length of a
typical cohesive zone element) then xþ e ln ðlo=hÞ ¼ 11. It is
important to note, however, that the linear elastic fracture mechan-
ics solution is applicable only when the lengths of the cohesive zone
and the yield zone are both small relative to the region dominated
by the stress singularity (i.e., when there is ‘‘small-scale yielding’’).
The effective interfacial toughness depends on geometric
parameters as well as interface and bulk material properties. This
dependency can be expressed in terms of nondimensional param-
eters. The parameters that deﬁne the edge-cracked layer problem
include elastic layer properties E and m, interfacial properties r⁄,
s⁄, C, k1, k2, and k3, elastic layer height h, and the critical ligament
stresses when the crack begins to propagate rcyy and rcxy (note that
both Ce and wa are related to these stresses through Eqs. (4) and
(5), respectively). The nondimensional parameters can be
expressed in terms of C and r⁄ (other choices are possible; this
is simply a convenient choice). With this choice, the effective
toughness can be expressed asCe=C ¼ f wa;
r
E
;
s
r
;
C
rh
; m; k1; k2; k3
 
: ð7Þ
In the following, results for a baseline conﬁguration will be pre-
sented ﬁrst, followed by results that explore how the solution
depends on the most important of the nondimensional parameters
identiﬁed above. The baseline conﬁguration has r⁄/E = 0.01,
s⁄/r⁄ = 1.0, C/(r⁄h) = 1e4, m = 1/3, k1 = 0.1, k2 = 0.9, and k3 was
typically set to 0.01.
Fig. 3 illustrates the nature of the interfacial tractions that are
generated in front of the initial crack tip when the MDGc CZM is
used. The normalized interfacial normal traction Tn and tangential
traction Tt are plotted for an edge loading of wa = 45 at the
instance just prior to crack propagation (i.e., when the cohesive
zone for normal separation is fully developed). Here the crack tip
is deﬁned as the point where the increasing normal traction Tn ﬁrst
equals r⁄ (from the left hand side in Fig. 3). The length of the
cohesive zone Lcz is deﬁned as the region where Tn = r⁄, while the
length of the plastic slip zone Ls is deﬁned as the region where
Tt = s⁄. Note that Tt vanishes within the cohesive zone since
dn > k1dnc in this region.Fig. 3. Calculated interfacial normal traction Tn and tangential traction Tt just prior
to crack propagation when wa = 45.A series of calculations were performed where the applied
mode-mixity was varied over a wide range of positive and negative
values. Fig. 4 shows that the effective toughness (normalized by C)
displays a strong dependence on applied mode-mixity with the
effective toughness increasing rapidly with |wa|. When wa = +72,
Ce/C = 25. When wa = 84, Ce/C = 20. There is also a clear asym-
metry with respect to wa. When wa = +63, Ce/C = 11.9 When
wa = 63, Ce/C = 2.6. Energy dissipation by interfacial shear yield-
ing and slip generates the observed dependence ofCe onwa since it
is the only energy dissipation mechanism that depends on crack-
tip shear. Fig. 5 shows that the normalized length of the fully
developed slip zone Ls/h (when the interfacial crack begins to prop-
agate) displays the same sort of dependence on wa as Ce/C (com-
pare to Fig. 4). The length of the slip zone vanishes when
27 < wa < 0 (i.e., Ls/h  0). Conversely, Ls can become a sizable
fraction of h as |wa| increases. As was observed for Ce/C, Ls/h, also
displays an asymmetric dependence on wa. When wa = 72,
Ls/h = 0.22. When wa = 72, Ls/h = 0.03. Note that the length of
the cohesive zone Lcz (see Fig. 3 for deﬁnition) is relatively insensi-
tive to wa (0.005 < Lcz/h < 0.009 for 84 <wa < 72).
It is useful to re-plot the results shown in Fig. 4 in an alternative
form to explicitly show how the critical normal stress in the uni-
formly stressed ligament at crack propagation depends on the
applied mode-mixitywa (Fig. 6). For convenience, rcyy is normalized
by its value when wa = 0, rcoyy. The value of rcyy=rcoyy is strongly
dependent on wa and there is a strong asymmetry in the critical
normal stress with respect to wa. When wa = 72,
rcyy rcoyy
.
¼ 0:62. When wa = +72, rcyy rcoyy
.
¼ 1:51: The source of
the asymmetry can be illustrated by examining the special case
where only positive or negative tangential edge displacement is
applied (i.e., the normal edge displacement equals zero and
wa = ±1). Fig. 7 plots the normal traction Tn/r⁄ in the cohesive sur-
face element that is next to the initial crack tip (at the closest inte-
gration point) vs. the applied shear rxy (normalized by the layer
shear modulus G). When wa = +1, Tn < 0, consequently an applied
normal edge displacement must overcome this interfacial com-
pression before it can generate tension to open the interface. When
wa = 1, Tn > 0. In this case an applied normal edge displacement
only needs to augment the tension already induced by the shear
loading to open the interface. Interestingly, direct experimental
observations of crack-tip opening/closing in a bimaterial test spec-
imen showed the same sort of dependence on the direction of the
applied tangential edge-loading (Liechti and Chai, 1992).
This section concludes by presenting a limited number of
results aimed at assessing the accuracy of the MDGc CZ ﬁnite
element calculations reported herein. First, a consistency check
was performed by comparing the energy release rate/unit area atFig. 4. Effective toughness Ce (normalized by C) vs. the applied mode mixity wa.
Fig. 5. Length of the fully developed slip zone Ls (normalized by h) vs. the applied
mode mixity wa.
Fig. 6. Critical normal stress at crack propagation vs. the applied mode mixity wa.
Fig. 7. Normal traction Tn in the cohesive surface element that is next to the initial
crack tip vs. the applied shear rxy when the edge-normal displacement is zero (i.e.,
wa = ±1).
Table 1
Selected results assessing the accuracy of the MDGc CZM ﬁnite element calculations.
Wa (degree) Dh k1 k3 Ce/C
63 0.00250 0.10 0.001 2.6
63 0.00125 0.10 0.001 2.5
63 0.00250 0.04 0.001 2.7
63 0.00250 0.10 0.300 2.6
63 0.00250 0.10 0.001 11.9
63 0.00125 0.10 0.001 11.8
63 0.00250 0.04 0.001 11.6
63 0.00250 0.10 0.500 11.9
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the calculated critical values of the normal and shear stress
in the uniformly stressed ligament) with the calculated energydissipation/unit area. The energy dissipation is determined by
summing (1) the energy associated with the intrinsic mode I work
of separation/unit area of interface C and (2) the energy dissipated
by shear yielding/unit area, which equals s⁄|ds|, where ds is the
maximum slip found at the tip of the cohesive zone (see Fig. 1b).
The ratio of these two quantities ranged from 0.94 to 1.01 with
an average value of 0.98; a value close to the expected value of
one (some of the deviation is thought to be due to discretization
errors when estimating ds from the calculated results). Table 1 pre-
sents other results that show only a modest change inCe/Cwhen a
coarser mesh is used and insensitivity to the choice of k3 (which
controls the rapidity of shear unloading, see Fig. 1b). There is also
a small change in Ce/C when the initial loading stiffness k is
increased by a factor of 2.5. Recall that k, whose value is controlled
by k1, acts as a penalty that ties the adjoining interfacial materials
together prior to separation or slip (see Fig. 1a, b). As an aside,
when wa < 0, relatively small drops in interfacial normal stress r
occurred when the interfacial shear stress was removed as the
cohesive zone advanced (less than 0.05r⁄). This elastic unloading
was recovered with additional edge-normal applied displacement.
The inclusion of k3 in the MDGc CZM provides a way to slow down
this shear unloading step. This worked as expected, but for suitable
solution tolerances, convergence could still be attained with k3 set
to 0. As a further check, an explicit dynamic ﬁnite element anal-
ysis was performed for one of the cases where a transient decrease
in normal stress occurred to examine of the possible role of
dynamic unloading. The calculated load at crack growth was essen-
tially identical (within 0.3%).4. Dependence of MDGc CZM results on governing
nondimensional model parameters
The sensitivity of the calculated Ce/C vs. wa relationship to the
choice of MDGc CZM parameters is considered next. As discussed in
Section 3, Ce/C depends on MDGc CZM parameters through three
nondimensional quantities (see Eq. (7); sensitivity to the shape
parameters k1 and k2 and the Poisson’s ratio m is not addressed at
this time).
Fig. 8 plots the Ce/C vs. wa relationship for three different val-
ues of the nondimensional MDGc CZM parameter s⁄/r⁄. In these
calculations all problem variables are ﬁxed at their baseline values
(C/(hr⁄) = 1e4, r⁄/E = 0.01) except for the baseline value of
s⁄/r⁄ = 1, which is either cut in half or doubled. This was accom-
plished by varying s⁄ while holding all other problem parameters
ﬁxed at their baseline values. Fig. 8 shows that doubling or cutting
in half the baseline value of s⁄/r⁄ does not alter the basic shape of
the Ce/C vs. wa curve. It appears that increasing s⁄/r⁄ generates a
Ce/C vs. wa relationship that is shifted to the left of the baseline
curve, while decreasing s⁄/r⁄ generates a Ce/C vs. wa relationship
that is shifted to the right of the baseline curve. Indeed, it is possi-
ble to identify an offset Dwa for each of the calculated Ce/C vs. wa
relationships that aligns that curve with that determined by the
baseline calculations. The Dwa value for a particular set of
nondimensional parameters is added to the wa values of the
Fig. 8. The sensitivity of the calculated Ce/C vs. wa relationship to variations in the
value of the nondimensional MDGc CZM parameter s⁄/r⁄.
Fig. 9. Offset factors Dwa align all calculated Ce/C vs. wa relationships (Table 2 lists
the nondimensional parameters that deﬁne each case).
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alignment with the baseline curve. Table 2 lists offset values for
the when MDGc CZM parameter s⁄/r⁄ is cut in half (Case 2) and
when it is doubled (Case 3) and Fig. 9 shows the shifted Ce/C vs.
wa relationships (Table 2 deﬁnes the nondimensional parameters
that describe each case; Case 1 corresponds to the set of parame-
ters used in the baseline calculations).
Next the dependence of theCe/C vs.wa relationship on the non-
dimensional MDGc CZM parameter r⁄/E is considered. In these cal-
culations all problem variables are ﬁxed at their baseline values
(C/(hr⁄) = 1e4, s⁄/r⁄ = 1) except for the baseline value of
r⁄/E = 0.01, which is either cut in half or doubled. This was accom-
plished by varying E while holding all other problem parameters
ﬁxed at their baseline values. Doubling or cutting in half the base-
line value of r⁄/E does not alter the basic shape of the Ce/C vs. wa
curve. It appears that increasing r⁄/E generates a Ce/C vs. wa rela-
tionship that is shifted to the left of the baseline curve, while
decreasing r⁄/E generates a Ce/C vs. wa relationship that is shifted
to the right of the baseline curve. Table 2 lists offset values for the
when MDGc CZM parameter r⁄/E is cut in half (Case 4) and when it
is doubled (Case 5) and Fig. 9 shows the shifted Ce/C vs. wa
relationships.
The ﬁnal nondimensional MDGc parameter considered is
C/(hr⁄). In these calculations all problem variables are ﬁxed at their
baseline values (s⁄/r⁄ = 1, r⁄/E = 0.01) except for the baseline value
of C/(hr⁄) = 1e4, which is either cut in half or doubled. This was
accomplished by varying dnc = C/(0.5[1 + k2  k1]r⁄). Doubling or
cutting in half the baseline value of C/(hr⁄) does not alter the basic
shape of the Ce/C vs. wa curve. It appears that increasing C/(hr⁄)
generates a Ce/C vs. wa relationship that is shifted to the right of
the baseline curve, while decreasing C/(hr⁄) generates Ce/C vs.
wa relationship that is shifted to the left of the baseline curve.Table 2
Offsets Dwa that align the calculated Ce/C vs. wa relationships.
Case s⁄/r⁄ r⁄/E C/(r⁄h) Dwa (degree)
1 1.0 0.010 1e4 –
2 0.5 0.010 1e4 5
3 2.0 0.010 1e4 +2
4 1.0 0.005 1e4 4
5 1.0 0.020 1e4 +4
6 1.0 0.010 5e5 +3
7 1.0 0.010 2e4 4
8 1.0 0.025 1e3 6
9 0.5 0.020 1.5e4 1
10 1.0 0.020 1.5e4 +2Table 2 lists offset values for the when MDGc CZM parameter
C/(hr⁄) is cut in half (Case 6) and when it is doubled (Case 7)
and Fig. 9 shows the shifted Ce/C vs. wa relationships.
In each of the above, only one nondimensional MDGc CZM
parameter was varied at a time so as to examine the sensitivity
to that particular parameter. In other practical situations, the com-
parison of two alternatives may necessitate the variation of multi-
ple nondimensional MDGc CZM parameters. For example, consider
a situation where one wishes to compare results for an epoxy-like
bond that forms either a low or higher toughness interface. If r⁄ is
set too low for a prescribed C, the entire interface in the uniformly
stressed ligament can separate prior to crack propagation. On the
other hand, if r⁄ is set too high for a prescribed C, the associated
dnc may be relatively small and thus compel the use of a more
highly reﬁned mesh than desired. With this in mind, the Ce/C vs.
wa relationship for an epoxy-like bond (E = 4 GPa, m = 1/3) with a
low toughness (C = 4 J/m2) was compared with that corresponding
to a high toughness interface (C = 100 J/m2). In these calculations
both r⁄/E and C/(r⁄h) were varied while all other nondimensional
parameters are ﬁxed at their baseline values. This was accom-
plished by simultaneously varying r⁄ and dnc. Calculations for the
low toughness interface used r⁄/E = 0.01 andC (r⁄h) = 1e4 (which
is consistent with r⁄ = 40 MPa, dnc = 1.11e4, and C = 4 J/m2).
Calculations for the high toughness interface used r⁄/E = 0.025 and
C/(r⁄h) = 1e3 (which is consistentwithr⁄ = 100 MPa, dnc = 1.11e3,
and C = 100 J/m2). These particular parameter choices are to some
extent arbitrary, and other choices are possible. As before, the basic
shape of the Ce/C vs. wa curve remains unchanged. The Ce/C vs. wa
relationship for the tougher interfaces is shifted to the right of
that for the lower toughness interface (see Case 8 in Table 2 and
Fig. 9).
In all cases considered, a variation in the governing nondimen-
sional MDGc CZM parameters did not alter the basic shape of the
Ce/C vs. wa relationship. This might be anticipated since changes
in these nondimensional parameters should not alter the funda-
mental source of the asymmetric nature of the Ce/C vs. wa rela-
tionship (i.e., the dependence of crack-tip opening/closing on the
direction of the applied tangential edge-loading as discussed in
Section 3). At least for the range of parameters considered in this
study, there appears to be no way to drastically alter the Ce/C
vs. wa relationship when a perfectly plastic slip model is used.
The apparent ability to align theCe/C vs. wa relationships via offset
factors should be considered to be simply an interesting observa-
tion that applies only to the speciﬁc specimen geometry analyzed
Fig. 10. Comparison of ﬁnite element analysis predictions that use the MDGc CZM
with experimental interfacial toughness data published by Swadener and Liechti
(SL).
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between rigid adherends) and for the range of parameters consid-
ered. A more general statement must await further study.
The results presented above provide some guidance on how to
deﬁne the three principal nondimensional MDGc CZM parameters
s⁄/r⁄, r⁄/E, and C/(hr⁄). In the present study the MDGc CZM incor-
porates all energy dissipation mechanisms, and the bulk materials
are modeled as linear elastic. The value of the intrinsic toughnessC
reﬂects the fundamental energy dissipation mechanisms at low
applied mode-mixity and is assumed to be a known (or estimable)
quantity. This is clearly an important material parameter since the
effective toughness Ce is directly proportional to C (Eq. (7) and
Fig. 9). The bond’s thickness h and Young’s modulus E are also
assumed to be known quantities. In this study the nondimensional
parameter r⁄/E was typically chosen to be in the range of 0.005 to
0.02 to avoid large crack-tip strains that would necessitate the use
of a highly reﬁned crack-tip mesh. This is consistent with the idea
that the phenomenological MDGc CZM incorporates behavior that
obviates the need to resolve details such as crack-tip blunting.
Once r⁄/E is set, the value of C/(hr⁄) is also set (since E, h, and C
are known). Knowledge of the effective toughness at a relative high
mode-mixity is also desirable since the remaining parameter s⁄/r⁄,
can then be chosen so as to generate a horizontal offset in the Ce/C
vs. wa relationship that best ﬁts the high mode-mixity toughness
data. This approach for choosing MDGc model parameters should
only be considered an initial suggestion based on limited experi-
ence and it strictly applies only to the edge-cracked elastic layer
geometry considered in this study. The potential use of local
crack-tip measurements (e.g., crack opening displacements) has
not been investigated.Fig. 11. Comparison of ﬁnite element analysis predictions that use the MDGc CZM
with experimental normal crack opening displacement data (NCOD) published by
Swadener and Liechti (SL).5. Comparison with published mode-mixity dependent
toughness data
The elastic bond with a long interfacial edge-crack geometry
analyzed in this study is of the same the type as used by other
researches to measure the interfacial toughness of a glass/epoxy
interface (Swadener and Liechti, 1998). This allows a comparison
of results of an analysis that uses the MDGc CZMwith experimental
data. In the Swadener and Liechti study (referred to as the SL
study) an epoxy layer is sandwiched between relatively stiff alumi-
num and glass adherends that are subjected to bond-normal and
bond-tangential edge displacements. The epoxy layer’s E is
reported be two GPa, while the layer thickness h falls within the
range of 0.13–0.4 mm, and the intrinsic toughness C was deter-
mined to be in the range of 1–2 J/m2. Various combinations of
applied edge displacements propagated a long interfacial edge
crack along the glass/epoxy interface. Fig. 10 compares SL experi-
mental results with calculated Ce vs. wa relationships. The nondi-
mensional MDGc CZM parameters used in these calculations are
based on the reported SL test conﬁguration (i.e., E = 2 GPa,
h = 0.25 mm, and C = 1.5 J/m2). Speciﬁcally, r⁄/E = 0.02, C/(hr⁄) =
1.5e4, and s⁄/r⁄ equals either 0.5 or 1.0 (Table 2, Cases 9 and
10). Note that the SL results are reported in terms of crack-tip
mode-mixity and the epoxy layer is considered to be ‘‘material
one’’ in the deﬁnition of the bimaterial constant e. To enable a
direct comparison with the calculated Ce/C vs. wa relationships,
the SL crack-tip mode mixity is converted to applied mode mixity
wa via Eq. (6) (also reverse the sign of wa to make the epoxy layer
‘‘material 2’’). The SL toughness data was also normalized by the
apparent intrinsic toughness (i.e., by the minimum of the mea-
sured Ce vs. w relationship) to deﬁne the experimental Ce/C. The
calculated Ce/C vs. wa relationship shows best agreement between
the experimental results when s⁄/r⁄ = 0.5. In particular the
asymmetry in the Ce/C vs. wa relationship is remarkably similar.One could further improve the already good agreement by adjust-
ing MDGc CZM parameters to shift the calculated Ce/C vs. wa by a
few degrees to the right (e.g., reduce the value of s⁄/r⁄ below 0.5;
see discussion in Section 4 and Table 2). Fig. 10 demonstrates
that a ﬁnite element analysis that uses the MDGc CZM is capable
of generating the same type of mode-mixity dependent toughness
as observed experimentally for a glass/epoxy interface.
In addition to the higher level toughness vs. mode-mixity data,
the SL study also reports local crack-tip displacement data (see
Fig. 5 in Swadener and Liechti (1998)). A few data points that
represent the general trend in their normal crack-tip opening dis-
placement vs. distance from the crack tip data are plotted in Fig. 11
(note that the SL plot contains a multitude of data points with
some natural variability). This data has been normalized by the
bond thickness h. Also shown in Fig. 11 are the calculated normal
crack opening displacements for wa = 0 and using the same nondi-
mensional MDGc CZM parameters that matched the toughness
data in Fig. 10 (Table 2, Case 9). In the analysis, the crack-tip is
deﬁned as the position where the interfacial normal stress r ﬁrst
equals the interfacial strength r⁄. Note that within the cohesive
zone, crack-tip displacements are constrained to follow a cusp-like
opening (Barenblatt, 1962). For this reason, comparison between
the analysis and experiment should be conﬁned to distances
beyond the end of the cohesive zone (the end of the cohesive zone
3734 E.D. Reedy Jr., J.M. Emery / International Journal of Solids and Structures 51 (2014) 3727–3734is indicated in Fig. 11). There is good agreement between analysis
and experiment. This demonstrates that when a MDGc CZM calcu-
lation generates a good match to Ce/C vs. wa data, it also generates
local crack-tip deformations that are in reasonable agreement with
experimental results. This consistency in the predictions is
encouraging.
It should be emphasized that the calculated shape of the Ce/C
vs. wa relationship is not predeﬁned, but instead is the outcome
of applying the MDGc CZM to the particular problem geometry of
interest. As such, one might expect that calculatedCe/C vs.wa rela-
tionships may differ for different specimen geometries unless
small scale yielding-like conditions apply (i.e., unless the slip zone
is embedded within the crack-tip singular ﬁeld over the full range
of mode-mixity). In general, small scale yielding-like conditions
are not anticipated and indeed Fig. 5 shows that in the present
study the calculated length of the slip zone was not small com-
pared to the layer thickness at high |wa|.
6. Summary
A conceptually simple, mode-mixity dependent toughness
cohesive zone model (MDGc CZM) has been formulated and imple-
mented in an implicit quasistatic ﬁnite element code. The MDGc
CZM has two elements. Mode I energy dissipation is determined
by a traction–separation relationship that depends only on normal
separation. Mode II (III) dissipation is generated by shear yielding
and slip in the cohesive surface elements that lie in front of the
region where mode I separation (softening) occurs. The classic
problem of an edge-cracked elastic layer that is sandwiched
between rigid adherends was analyzed to illustrate the nature of
interfacial cracking predictions made when using the MDGc CZM.
Various combinations of edge-normal and edge-tangential dis-
placements were applied to the elastic layer to generate a wide
range of applied mode-mixity wa. The relationship between the
nondimensional effective toughness Ce/C and the applied mode
mixity wa was determined for a range of governing nondimen-
sional MDGc CZM parameters. The calculated Ce/C vs. wa relation-
ships all display a strong dependence on applied mode-mixity with
the effective toughness increasing rapidly with |wa| as well as
asymmetry with respect to wa. This dependence is similar to that
observed experimentally, and calculated results are in good agree-
ment with published data for a glass/epoxy interface that was gen-
erated using a test specimen of the same the type as analyzed here.Acknowledgments
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